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A microscopic expression for the divergence of the stress tensor is derived for inhomogeneous
suspensions of rigid colloidal particles of arbitrary shape. This expression is valid for arbitrary large
gradients in the shear rate, concentration, and orientational order parameters. The corresponding
Navier–Stokes equation is a necessary ingredient to describe phenomena like shear-banding, phase
separation kinetics, and phase coexistence under shear flow conditions. © 2002 American Institute
of Physics. @DOI: 10.1063/1.1495842#I. INTRODUCTION
There are a number of nonequilibrium phenomena in
systems subjected to shear flow, where strong inhomogene-
ities play an important role, both in transient kinetics and in
patterned stationary states. Examples of such phenomena are
phase separation and phase coexistence under shear flow
conditions, and shear-banding. In order to describe such phe-
nomena, a closed set of equations of motion must be derived
for the suspension flow velocity, for the density and relevant
order parameters. These equations of motion should account
for the occurrence of gradients in the shear rate, concentra-
tion, and order parameters. Since within interfacial regions
these gradients can be very large, it is probably not sufficient
to use truncated gradient expansions of the equations of mo-
tion. Instead, the equations of motion should account for all
higher order gradient contributions in closed form. The equa-
tion of motion for the suspension flow velocity is the
Navier–Stokes equation, for which the divergence of the sus-
pension stress tensor must be specified. In the present paper
we will derive an expression for the divergence of the sus-
pension stress tensor which includes contributions due to,
possibly very large, gradients in shear rate, concentration,
and orientational order parameters.
A special feature of simple shear flow is, that it consti-
tutes a nonconservative external field. One cannot define a
Hamiltonian for a system subjected to simple shear flow, and
therefore, one can not define a chemical potential m. Further-
more, even if a chemical potential could be defined locally,
mass transport would only be proportional to m, when gra-
dients are small and the system is close to equilibrium. It is
not known how good the approximation is to ignore these
problems, and to assume that mass transport is driven by
linear gradients in some local chemical potential. We there-
fore chose to develop a microscopic approach to derive equa-
tions of motion, which does not rely on thermodynamic ar-
guments. As a first step toward the derivation of a complete
set of equations of motion, we shall derive a microscopic
expression for the divergence of the suspension stress tensor
simply by adding forces that act on an infinitesimally small
volume element.3990021-9606/2002/117(8)/3992/8/$19.00
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derived in the present paper is of a simplicity that allows for
its explicit evaluation in terms of shear rate, concentration,
and the relevant order parameters. In a subsequent paper1 we
shall perform this explicit evaluation for uniaxial, long and
thin, rigid hard-core rods. As will turn out, equations of mo-
tion contain convolution-type of integrals. Gradient expand-
ing these convolution-type integrals up to fourth order gra-
dients leads to equations of motion that are similar ~but not
identical! in structure as the commonly used equations of
motion that are obtained from the above mentioned thermo-
dynamic considerations. For systems with large gradients,
such a truncation may not be valid anymore, and the
convolution-type integrals should be kept as they stand.
The suspension flow velocity U(r,t) at position r and
time t can be found by solving the Navier–Stokes equation,
rmF]U~r,t !] t 1U~r,t !U~r,t !G5S~r,t !, ~1!
where rm is the mass-density of the suspension. The suspen-
sion flow will be assumed incompressible, that is,
U~r,t !50. ~2!
To apply these equations in order to describe the above men-
tioned phenomena, the divergence of the suspension stress
tensor must be expressed in terms of shear rate, concentra-
tion, and orientational order parameters, including stress con-
tributions arising from gradients in these quantities.
A recent paper by Fang et al.7 discusses mass transport
driven by gradients in the stress. Here, gradients are assumed
to be small enough that their explicit contributions to the
stress tensor need not be taken into account. Perhaps the
present theory may help to quantify how small spatial gradi-
ents should actually be in order to be able to use constitutive
equations for homogeneous systems to describe mass trans-
port.
The only work we are aware of that deals with stresses
in inhomogeneous colloidal suspensions is due to Prosperetti
and co-workers.2–4 In these studies, ensemble averaged
quantities as considered by Lhuillier5,6 are computed numeri-2 © 2002 American Institute of Physics
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particles. Here, we shall derive a closed, general expression
for the divergence of the suspension stress tensor which is
valid for arbitrarily shaped, rigid colloidal particles. The
main result of our calculation extends the expression for the
stress tensor as derived by Batchelor8 and Doi and Edwards9
to inhomogeneous suspensions. In fact, the derivation pre-
sented here considerably simplifies the original derivation as
described by these authors, even though our result is valid
also for strongly inhomogeneous systems.
This paper is organized as follows: Sec. II outlines the
general idea of our derivation. Sections III–V deal with the
calculation of the various stress contributions. In Sec. VI it is
shown from force balance on the Smoluchowski time scale,
that two terms cancel, leading to a relatively simple expres-
sion for the divergence of the total stress tensor, that is valid
for arbitrarily large gradients in shear rate, concentration, and
relevant order parameters.
II. THE BASIC IDEA
For most colloidal systems, the suspension flow velocity
U~r,t! at some point r and time t is simply equal to the
ensemble average of the microscopic velocity v ~Refs. 2–6!
~the conditions under which this relation holds are discussed
in Appendix A!,
U~r,t !5^v~ruG!&, ~3!
where G is used as a short-hand notation for the phase space
variables of the colloidal particles. For an assembly of N
rigid, uniaxial rods, for example, G is the 6N dimensional
vector comprised of N center-of-mass coordinates and N unit
vectors that characterize the orientations of the rods. Note
that v~ruG! is either the local solvent velocity at r ~when r at
time t is within the solvent!, or is the velocity of a volume
element within the core of a colloidal particle. The ensemble
average ^fl& is taken with respect to the probability density
function of the phase space variables G, that complies with a
chosen ensemble. In the present analysis there is no need to
actually specify the ensemble.
Let P(G,t) denote the probability density function of G
that complies with the chosen ensemble. By definition we
then have
U~r,t !5^v~r!&5E dG P~G,t ! v~ruG!. ~4!
In the derivation of the general expression for the divergence
of the stress tensor, we shall encounter the ensemble average,
^2v~r!&5E dG P~G,t ! 2v~ruG!.
Since the Laplace operator can be taken in front of the phase-
space integral, and the suspension flow velocity is given by
Eq. ~4!, it trivially follows that
^2v~r!&52U~r,t !. ~5!
This result will be of importance later in this paper.
Similarly to the definition ~3! of the suspension velocity,
the divergence of the suspension stress tensor is simply the
ensemble averaged force per unit volume that acts at a givenDownloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject topoint in the dispersion. We shall simply add up all forces due
to interactions between solvent molecules and colloidal par-
ticles in order to obtain the divergence of the suspension
stress tensor.
Consider a rectangular volume element dV located at r,
with linear dimensions dx , dy , and dz in the x-, y-, and
z-direction, respectively. In the formal limit that the size of
the volume element vanishes, the ensemble averaged total
force per unit volume of the surrounding material on the
volume element is nothing but the divergence of the stress
tensor that should be used in the Navier–Stokes equation ~1!.
This force consists of three parts: forces that arise from in-
teractions between colloidal particles outside on those within
the rectangular volume element, from interactions between
solvent molecules and colloidal particles, and from interac-
tions between solvent molecules on either side of the bound-
ary of the volume element. The corresponding stress tensors
will be referred to as the ‘‘particle–particle stress tensor’’
Spp, the ‘‘particle–solvent stress tensor’’ Sps, and the
‘‘solvent–solvent stress tensor’’ Sss, respectively. The total
stress tensor is simply the sum of these stress contributions,
S5Spp1Sps1Sss. ~6!
These three contributions will be considered separately in
Secs. III–V, respectively.
The position coordinate of colloidal particle j will be
denoted as rj . Its orientational state will be denoted as v j .
For uniaxial, rigid rods, one would have,
v j5uˆj , uniaxial rods,
where uˆj is the unit vector in the direction of the long axis of
the rod. For biaxial rigid bodies, the variable v j stands for
two perpendicular unit vectors ~or, equivalently, three angles!
that are needed to specify the orientation.
We should emphasize at this point, that Eq. ~3! is not
generally valid, also for other situations where, for example,
sedimentation is considered. For the more general case of
two-phase flow, where one of the components is not of a
colloidal nature, the conditions for the validity of Eq. ~3! that
are given in Appendix A are generally not satisfied. In the
present analysis, that applies to suspensions of rigid colloidal
particles, the validity of Eq. ~3! is only needed for the evalu-
ation of the solvent–solvent contribution to the stress tensor
@see Sec. V, Eq. ~31! in particular#.
III. THE PARTICLE–PARTICLE STRESS TENSOR Spp
The force that colloidal particles outside the volume el-
ement exert on those within the volume element is equal to
(j
! Fj ,
where Fj is the force on colloidal particle j , and the ! on the
summation is used to indicate that the summation ranges
only over those colloidal particles that are inside the volume
element, that is, for which rjPdV . It is used here that mutual
interactions between colloidal particles within the volume AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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ment. The force per unit volume, for formally vanishing size
of the volume element, is thus equal to
Spp5 lim
dx ,dy ,dz→0
1
dx dy dz
(j51
N
^xr~rj! Fj&, ~7!
where N is the total number of colloidal particles in the
system under consideration, rj is the position coordinate of a
colloidal particle, and xr is the characteristic function of the
rectangular volume element that was introduced in the pre-
vious section. The characteristic function is defined as
xr~R!51 when RPdV ,
50 otherwise. ~8!
The subscript ‘‘r’’ on the characteristic function is used to
indicate that the volume element dV is located at position r.
The characteristic function in Eq. ~7! effectively limits the
summation to colloidal particles that are inside dV , that is,
for which rjPdV . Furthermore, the total force Fj on the j th
colloidal particle due to interactions with all other colloidal
particles is equal to10,11
Fj52jC2kBTj ln$P%, ~9!
where C is the total potential energy of the assembly of N
rods in the suspension, and P is the probability density func-
tion of the phase space coordinates of all the colloidal par-
ticles; 2jC is the force due to potential interactions, and
2kBTj ln$P% is the Brownian force, where j is the gradi-
ent operator with respect to rj . Since @with d(r2rj) the
three-dimensional delta distribution#,
lim
dx ,dy ,dz→0
xr~rj!/dx dy dz5d~r2rj!, ~10!
as is easily verified by integration of both sides with respect
to rj , Eq. ~7! immediately leads to
Spp5(j51
N
^d~r2rj! Fj&. ~11!
Together with Eq. ~9! for the forces, this is the microscopic
expression for the contribution to the divergence of the stress
tensor which is due to intercolloidal particle forces. This
particle–particle contribution to the stress tensor contains the
osmotic pressure contribution to the total pressure of the sus-
pension. The Brownian contribution in Eq. ~9! for the force
on a colloidal particle gives rise to the ideal gas osmotic
pressure, while the interaction contribution accounts for the
effect of interactions on the osmotic pressure.
An alternative, intuitively may be more appealing ex-
pression, can be obtained by introducing the conditional
probability density function ~pdf! for the phase space coor-
dinates,
$r1 ,. . . ,rj21 ,rj11 ,. . . ,rN ,v1 ,. . . ,vN%,
with a prescribed position coordinate rj of colloidal particle
j . This conditional pdf is equal to
P (c)5P/P~rj ,t !, ~12!Downloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject towhere P is the pdf for all the phase space coordinates ~in-
cluding rj!, and P(rj ,t) is the 1-particle pdf for rj . The
latter pdf is related to the local number density r of colloidal
particles as
P~r,t !5
1
N r~r,t !.
Denoting the ensemble average with respect to P (c) as
^fl& (c), Eq. ~11! can be written, for identical colloidal par-
ticles, as
Spp5r~r,t ! ^F& (c)~r,t !. ~13!
Here, ^F& (c)(r,t) is the conditionally averaged force on a
colloidal particle that resides at r at time t . Since S is the
body force per unit volume on the suspension, this expres-
sion could almost have been written down immediately; the
right-hand side of Eq. ~13! is indeed the force on a single
colloidal particle, given that its center is in r, multiplied by
the number of particles per unit volume at that point. The
above reasoning assumes mono-disperse suspensions @where
the conditional pdf in Eq. ~12! is independent of the particle
number index j#, but is easily extended to the polydisperse
case.
It is shown in Appendix B that for the calculation of the
suspension shear viscosity of a homogeneous system, Eq.
~11! for the stress tensor reduces to
Spp5(j51
N
^d~r2rj! rj Fj&. ~14!
This is identical to the expression for the particle–particle
stress tensor as derived ~for the first time! by Batchelor,8
except that the prefactor 1/V ~with V the volume of the sys-
tem! is now replaced by the delta distribution d(r2rj). In
fact, volume averaging of the above expression by acting
with the operator (1/V) *dr(fl) on both sides, reproduces
Batchelor’s expression for the particle–particle stress contri-
bution,
S¯ pp5
1
V (j51
N
^rj Fj& , ~15!
where the overbar is used to indicate volume averaging. Note
that, after such a volume averaging, this stress contribution
becomes position independent, so that one might conclude
that its divergence vanishes. This would imply that this stress
contribution is irrelevant, since it does not contribute to the
Navier–Stokes equation. The traditional way to interpret the
volume avaraged contribution to the stress is as follows. In
an explicit evaluation of the right-hand side of Eq. ~15!, one
finds that it is proportional to G1GT, with G the velocity
gradient tensor. The velocity gradient tensor is then inter-
preted as (U)T, with U the suspension velocity. The con-
tribution to the Navier–Stokes equation is then ;2U, as-
suming incompressible suspensions, and the proportionality
constant contributes to the suspension viscosity. In this way,
a nonzero contribution to the suspension viscosity of the
particle–particle stress tensor is found from Eq. ~15!. This
interpretation is explicitly accounted for by the delta distri-
bution in Eq. ~14!. AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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The particle–solvent stress arises from forces on the vol-
ume element due to interactions between colloidal particles
and solvent molecules. These forces are mediated to the vol-
ume element by colloidal particles that intersect with the
surface enclosing the rectangular volume element that was
introduced in Sec. II. Consider first the force that is mediated
to the solvent within the volume element by a colloidal par-
ticle with its position coordinate outside the volume element
~see Fig. 1!. The instantaneous force that the colloidal par-
ticle exerts on the solvent inside the volume element is equal
to
2E
]V j
(in)(rj ,v j)
dS8s~r8!. ~16!
Here, the surface area ]V j
(in) is that part of the surface area of
the colloidal particle that is inside the volume element ~see
Fig. 1!. This range of integration depends both on the posi-
tion rj of colloidal particle j and its orientational state, which
is denoted by v j , as discussed in Sec. II. Furthermore, dS8
is the normal surface element on the surface area of the col-
loidal particle, and s is the microscopic stress tensor of the
solvent. The minus sign in Eq. ~16! arises from the fact that
dS8s(r8) is equal to dS8 f h(r8), with f h(r8) the force per
unit area that the fluid exerts on the surface element dS8,
which is minus the force that this surface element exerts on
the fluid. In terms of this hydrodynamic force, Eq. ~16! is
more conveniently written as
2E
]V j
(in)(rj ,v j)
dS8 f h~r8!.
FIG. 1. The rectangular volume element dV at position r, intersects with the
core of colloidal particle j with its position coordinate rj outside the volume
element. ]V j
(out) is that part of the surface area ]V j of the colloidal particle
that is outside the volume element, ]V j(in) is the part inside.Downloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject toThe ensemble averaged force Fout of all colloidal particles
outside the volume element on the solvent inside the ele-
ment, is thus equal to,
Fout52K (j51
N
@12xr~rj!# R
]V j(rj ,v j)
dS8 f h~r8! xr~r8!L ,
~17!
where, as before, xr is the characteristic function for the
volume element. The characteristic function 12xr(rj) for
the volume outside the volume element assures that in the
summation over all colloidal particles, only those are
counted which are outside the volume element. Furthermore,
the characteristic function xr(r8) assures that only points r8
on the surface of the colloidal particle which are inside the
volume element are taken into account. Including the char-
acteristic function in the integrand in Eq. ~17! allows for the
extension of the integration range to the entire surface area
]V j(rj ,v j) of the j th colloidal particle.
Similarly, in case a colloidal particle is located inside the
volume element, that is, when rjPdV , the instantaneous
force that the colloidal particle exerts on the solvent outside
the volume element is equal to
2E
]V j
(out)(rj ,v j)
dS8 f h~r8!,
with ]V j
(out) the part of the surface area of the colloidal par-
ticle located outside the volume element ~see Fig. 1!. This is
minus the force that is exerted on the colloidal particle by the
solvent outside the volume element. Hence, similarly as be-
fore, the ensemble averaged force Fin on the volume element
due to interactions between solvent molecules outside and
colloidal particles inside the volume element is found to be
equal to
Fin 5K (j51
N
xr~rj! R
]V j(rj ,v j)
dS8 f h~r8! @12xr~r8!#L ,
~18!
where it is used again that 12xr(r8) is the characteristic
function for the volume outside the volume element.
From the representation ~10! of the delta distribution it is
thus found that
Sps5 lim
dx ,dy ,dz→0
[Fout1Fin]/dx dy dz
5(j51
N
^d~r2rj! Fj
h&
2(j51
N
^ R
]V j(rj ,v j)
dS8 d~r2r8! f h~r8! &, ~19!
where
Fj
h5 R
]V j(rj ,v j)
dS8 f h~r8! ~20!
is the total force that the solvent exerts on the j th colloidal
particle. AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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tem, Eq. ~19! leads to the following expression for the
particle–solvent stress tensor:
Sps5(j51
N K d~r2rj! R
]V j(rj ,v j)
dS8 ~r82rj! fh~r8!L .
~21!
Upon volume averaging this yields
S¯ ps5
1
V (j51
N K R
]V j(rj ,v j)
dS8 ~r82rj! fh~r8!L , ~22!
which reproduces Batchelor’s expression for the particle–
solvent stress tensor.8 The interpretation of the difference
between the two expressions ~21! and ~22! is the same as for
the particle–particle stress tensor, as discussed at the end of
the previous section.
V. THE SOLVENT–SOLVENT STRESS TENSOR Sss
The force per unit volume that the solvent outside the
volume element dV exerts on the solvent inside, for formally
vanishing size of the volume element, is equal to
Sss5 lim
dx ,dy ,dz→0
1
dx dy dz K EAsdS8s~r8!L , ~23!
where As is the part of the surface area of the volume ele-
ment that is occupied by solvent, which is the surface area of
the volume element minus the part that is cut by cores of
colloidal particles ~see Fig. 2!. Here, dS8 points outward of
dV . The subscript ‘‘s’’ on the integration As refers to ‘‘sol-
vent.’’ For an incompressible solvent we have
s~r8!5h0 @8v~r8!1~8v~r8!!T#2p~r8! Iˆ, ~24!
with h0 the solvent shear viscosity and v the solvent flow
velocity. Furthermore, p is the mechanical pressure in the
solvent, and Iˆ is the identity tensor. The superscript ‘‘T’’
stands for the transpose of a tensor. Note that since 2p(r)
50 within the incompressible solvent, p is entirely deter-
mined by the boundary conditions for the solvent flow im-
posed by surfaces of the colloidal particles and the container
walls. Hence, v~r8!p(r8) depends implicitly on the position
and orientations of all colloidal particles. Substitution of Eq.
~24! into Eq. ~23! leads to
Sss5M(1)1M(2), ~25!
where
M(1)[ lim
dx ,dy ,dz→0
h0
dx dy dz
3K E
As
dS8@8v~r8!1~8v~r8!!T#L ~26!
and
M(2)[2 lim
dx ,dy ,dz→0
1
dx dy dz K EAsdS8 p~r8!L . ~27!
Consider first the contribution M(1). We can rewrite the
integral asDownloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject toK E
As
dS8@8v~r8!1~8v~r8!!T#L
5K F R
]dV
2(j51
N E
A j
GdS8@8v~r8!1~8v~r8!!T#L ,
~28!
where A j is the area of intersection of the surface area ]dV
of the volume element and the core of colloidal particle j
~see Fig. 2!. For a rigid colloidal particle, the velocity inside
the core is given by
v~r8!5vj1Vj3~r82rj!,
r8P core of particle j , ~29!
where vj is the translational velocity and Vj the rotational
velocity of colloidal particle j . Hence ~with e the Levi–
Cevita tensor, and V j ,p the pth component of Vj!,
m8 vn5m@Vj3~r82rj!#n5m8 enpq V j ,p rq8
5enpm V j ,p ,
where summation over repeated indices is assumed. From
the antisymmetry of the Levi–Cevita tensor, it is thus found
that
E
A j
dS8@8v~r8!1~8v~r8!!T#50. ~30!
Using Gauss’ integral theorem, we thus find from Eqs. ~28!
and ~30!, for incompressible solvents,
FIG. 2. The surface area ]dV of the volume element that is occupied by
solvent is denoted as As . This is ]dV minus the areas A j of intersection of
]dV with the core of colloidal particle j . The part of As on the upper z-side
of the volume element is referred to as Asz ,1 , and on the lower z-side as
As
z ,2
. AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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As
dS8@8v~r8!1~8v~r8!!T#L 5K E
dV
dr8 82v~r8!L .
Hence, Eq. ~26! reduces to
M(1)5 lim
dx ,dy ,dz→0
h0
dx dy dz K EdVdr8 82v~r8!L
5h0^2v~r!&.
From Eq. ~5!, it is thus finally found that
M(1)5h0 2U~r,t !. ~31!
The contribution M(2) can be expressed in suspension
properties as follows. Let As
z ,1 denote the top-side of As ,
and similarly As
z ,2 the lower-side, as indicated in Fig. 2.
Furthermore, let eˆz denote the unit vector along the positive
z-axis. Since the unit normal on As
z ,1 is eˆz while the unit
normal on As
z ,2 is 2 eˆz , the contribution Mz
(2) from the top-
and lower-side of As to M(2) is equal to
Mz
(2)52 eˆz lim
dx ,dy ,dz→0
1
dx dy dz
3K F EAsz ,12EAsz ,2GdS8 p~r8!L .
For small sizes of the volume element, the scalar,
Pss~r1 12 dz eˆz ,t ![
1
dx dy K EAsz ,1dS8 p~r8!L , ~32!
defines the contribution to the suspension pressure due
solvent-solvent interactions at the position of the top-side of
the volume element. A similar expression can be written
down for Pss at the lower-side. It thus follows that
Mz
(2)52 eˆz lim
dz→0
1
dz
@Pss~r1 12 dz eˆz ,t !
2Pss~r2 12 dz eˆz ,t !#
52 eˆz
]Pss~r,t !
]z
.
In the same way the contribution to M(2) from the left- and
right-sides, and front- and back-sides of the volume element
are obtained. Summing these contributions leads to
M(2)52 Pss~r,t !. ~33!
We thus find from Eqs. ~25!, ~31!, ~33! the following
expression for the divergence of the stress tensor that arises
from solvent–solvent interactions:
Sss5h0 2U~r,t !2 Pss~r,t !. ~34!
This expression is identical to that derived by Batchelor8 for
homogeneous systems.
Note that Pss is not just determined by boundary condi-
tions, contrary to p in Eq. ~24!, since the suspension is inho-
mogeneous, resulting in a spatially varying viscosity.Downloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject toVI. THE DIVERGENCE OF THE TOTAL STRESS
TENSOR
On the Smoluchowski time scale, the interaction force Fj
in Eq. ~9! balances with the hydrodynamic force in Eq.
~20!,10,11 that is,
Fj1Fj
h50. ~35!
On using force balance, admissible values of the inverse lo-
cal shear rate and time scales are bounded from below by the
Smoluchowski time scale, which is of the order of
1028 – 1027 s. This is well within the range of shear rates of
interest and time scales on which phase separation and shear-
banding occurs in colloidal systems. The first term in Eq.
~19! for the particle–solvent stress thus cancels against the
particle–particle stress in Eq. ~11!. Adding Eqs. ~11!, ~19!,
~34! thus leads to the following expression for the divergence
of the total stress tensor:
S5h0 2U~r,t !2Pss~r,t !
2(j51
N K R
]V j(rj ,v j)
dS8 d~r2r8! f h~r8!L . ~36!
This expression is the main result of the present paper. This
seemingly simple expression is valid for suspensions with
arbitrary large gradients in shear rate, concentration and ori-
entational order parameters.
When evaluating this general expression explicitly in
terms of shear rate, concentration and orientational order pa-
rameters, there are two possible ways to deal with the pres-
sure. One can either separate all terms that can be written as
; f , with f a scalar field, and identify Pss1 f as the sus-
pension pressure ~which includes the osmotic pressure!, or
one can leave Pss as it stands as an unknown scalar field. In
both cases one has just as many equations as unknown fields.
The main result ~36! has a quite straightforward interpre-
tation. The last term on the right-hand side is simply the
ensemble averaged force per unit volume that surface ele-
ments of colloidal particles exert on the fluid, provided that
that surface element is located at r ~as indicated by the delta
distribution!.
Like for homogeneous systems, divergent integrals are
encountered when explicitly evaluating our formal result
~36! for the stress tensor.12 These divergencies are due to the
long ranged nature of hydrodynamic interactions. Batch-
elor’s arguments12 to deal with these divergencies should be
extended to inhomogeneous systems when Eq. ~36! is evalu-
ated for systems where hydrodynamic interactions are impor-
tant, like hard sphere suspensions. This nontrivial problem is
outside the scope of the present paper. In a forthcoming
publication,1 we shall evaluate Eq. ~36! for suspensions of
very long and thin, hard rods. Since volume fractions of
interest scale like D/L ~with D the thickness and L the
length of the rods!, hydrodynamic interactions are much less
important for very long and thin rods as compared to hard
sphere systems. Stresses are now predominantly generated
by direct interactions rather than hydrodynamic interactions,
so that divergence problems are not encountered.
Note that for the evaluation of Eq. ~36!, the solvent flow
and pressure around each rigid, colloidal particle must be AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
3998 J. Chem. Phys., Vol. 117, No. 8, 22 August 2002 J. K. G. Dhont and W. J. Brielscalculated in order to be able to calculate fh(r8). This is
precisely what is done in our forthcoming publication1 for
very long and thin rods.
VII. SUMMARY AND CONCLUSIONS
The main result of this paper is expression ~36! for the
divergence of the suspension stress tensor. This expression is
a necessary ingredient to describe phenomena under shear
flow where ~possibly large! gradients in shear rate, concen-
tration, and orientational order parameters are present.
In an application of Eqs. ~1!, ~2!, ~36! to a particular
system, the expression ~36! should be expressed explicitly in
terms of shear rate, concentration and relevant order param-
eters. In a future publication, this highly nontrivial step will
be performed for suspensions containing very long and thin,
uniaxial, rigid rods with hard-core interactions. In fact, it will
be shown that the stress tensor ~36! contains convolution-
type integrals that involve the joint probability density func-
tion r(r,uˆ,t) for the position coordinate r and the orientation
uˆ of a rod. Hence, for systems of rods, an additional equation
of motion for this joint probability density function must be
derived to complete the set of Eqs. ~1!, ~2!, ~36!. This re-
quires a separate analysis, independent from the one given in
the present paper for the stress tensor. As for the stress ten-
sor, the equation of motion for r(r,uˆ,t) turns out to contain
convolution-type integrals. Equations of motion that are of a
similar structure as commonly used equations are recovered,
when the convolution-type integrals are expanded in a spatial
gradient series, and truncating after the fourth order deriva-
tives. Such a truncation is questionable when gradients be-
come large, in which case the convolution-type of integrals
must be kept as they stand.
Since simple shear flow is a nonconservative external
field, no Hamiltonian can be defined for systems in shear
flow, and hence, no free energy can be defined. This obscures
thermodynamic reasoning in deriving expressions for the
stress tensor. The derivation of Eq. ~36! for the stress tensor
does not rely on thermodynamic reasoning, but is a mere
summation of forces that act on a volume element.
The unknown scalar field Pss ~the contribution to the
suspension pressure due to solvent–solvent interactions! can
be dealt with in two ways. First of all, in an explicit evalu-
ation of Eq. ~36! for a particular system, one may identify all
contributions of the form  f , with f a scalar field, and in-
troduce the total suspension pressure P as P5Pss1 f . The
second way to deal with Pss is to keep it as it stands; just like
the total pressure, Pss is an a priori unknown field that can
be found from the complete set of equations. For example,
for the rigid rods discussed above, there are three equations
for the three unknown fields U, Pss, and r(r,uˆ,t); Eqs. ~1!,
~2! @with an explicit expression for the stress tensor derived
from Eq. ~36!#, and the equation of motion for r(r,uˆ,t).
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APPENDIX A: ON THE VALIDITY OF EQ. 3
Let G denote the phase space variables of the rigid col-
loidal particles. Let rm(ruG) denote the microscopic mass
density at position r. This mass density is equal to that of the
fluid when r is inside the solvent, and equal to that of the
colloidal material when r is inside the core of a colloidal
particle. Similarly, let v(ruG) denote the microscopic veloc-
ity. This is the solvent flow velocity when r is inside the
solvent and is the velocity of a colloidal material element
otherwise. On averaging the microscopic Navier–Stokes
equation in order to obtain the effective Navier–Stokes equa-
tion ~1!, the suspension flow velocity U(r,t) must be defined
as2–6
U~r,t !5^rm~ruG!v~ruG!&/^rm~ruG!&. ~A1!
The ensemble averaging brackets ^fl& denote averages with
respect to a probability density function P(G,t) that com-
plies with the particular ensemble under consideration. The
ensemble average ^rm(ruG)& is the macroscopic mass den-
sity rm that appears in the Navier–Stokes equation ~1!.
Let x f(ruG) denote the characteristic function for the
solvent @x f(ruG)51 when r is in the solvent and 50 other-
wise#. Similarly, let xc(ruG) denote the characteristic func-
tion for the colloidal material @xc(ruG)51 when r is inside
the core of a colloidal particle and 50 otherwise#. For any
phase function f(ruG) we can then write
^rm~ruG! f ~ruG!&5E dGP~G,t !rm~ruG! f ~ruG!
5E dGP~G,t !
3$r0x f~ruG!1rcxc~ruG!% f ~G!,
where r0 is the solvent mass density and rc that of the col-
loidal material. This can be rewritten as
^rm~ruG! f ~ruG!&
5r0E dGP~G,t !H 11 rc2r0r0 xc~ruG!J f ~ruG!,
where it is used that x f1xc51. Since the local volume frac-
tion w(r,t) of colloidal material is equal to
w~r,t !5E dGP~G,t !xc~ruG!,
it follows that
^rm~ruG! f ~ruG!&’r0E dGP~G,t ! f ~ruG!
5r0^ f ~ruG!&,
whenever w and/or (rc2r0)/r0 are small. Under these con-
ditions we thus have ~with f5v!, AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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and ~with f 51!
^rm~ruG!&’r0 ,
so that Eq. ~A1! for the suspension flow velocity reduces to
Eq. ~3!.
For many real colloidal systems, the relative difference
in mass density between solvent and colloidal material is
indeed small, like for solvent-swollen microgel spheres and
many biological macromolecules. In addition, for anisotropic
colloidal particles, volume fractions of interest are usually
small. For example, for long and thin rigid rods, the volume
fractions of interest scale like D/L ~with D the thickness of
the rods and L their length!, which is indeed a small number.
There is another good reason for approximating Eq. ~A1!
by Eq. ~3!, even when the two above conditions are not met.
Contrary to more general two-phase flow, for colloidal sys-
tems the microscopic velocity varies relatively smoothly
with position for any configuration of the colloidal particles.
The reason for this is the overdamped dynamics of the col-
loidal particles; friction forces between colloidal particles
and solvent dominate over inertial forces, so that colloidal
particles attain much the same velocity as the surrounding
solvent. Hence, for large mass density differences between
solvent and colloidal particles, the mass density is a much
more strongly varying function of G as compared to the ve-
locity. This validates the factorization ^rmv&’^rm&^v&,
which again reduces Eq. ~A1! to Eq. ~3!.
APPENDIX B: Spp FOR A HOMOGENEOUS SYSTEM
Consider a flow in the x-direction with its gradient in the
y-direction, as depicted in Fig. 3. Since all suspension prop-
erties, including the suspension flow velocity, do not vary on
xz-planes, the stress tensor is a function of y only. Hence,
S~r!5 eˆ2 dS~y !dy ,
where eˆ2 is the unit vector in the y-direction. Since in a
homogeneous system the force ^d(r2rj) Fj& on rod j at r is
independent of r, it thus follows immediately from Eq. ~11!
by integration that
FIG. 3. A simple shear flow in the x-direction with its gradient in the
y-direction.Downloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject toeˆ2S~y !5y (j51
N
^d~r2rj! Fj&5 eˆ2(j51
N
^d~r2rj! rj Fj&.
Here, the integration constant is set equal to 0, since it does
not contribute to the force on a given volume element, and is
therefore irrelevant. Since for the calculation of the shear
viscosity only the component eˆ2S of the stress tensor is of
importance, it follows that expression ~14! for the stress ten-
sor can be utilized for such calculations.
APPENDIX C: Sps FOR A HOMOGENEOUS SYSTEM
Since r8P]V j in the integrand in Eq. ~19!, the magni-
tude of r82rj is never larger than the linear dimension of the
rigid colloidal particles. Hence, for not too large gradients of
suspension properties, the delta distribution d(r2r8) can be
Taylor expanded around r85rj ,
d~r2r8!5d~r2rj!1 (
n51
‘ 1
n! ~rj2r8!
n
(nd~r2rj!,
where (rj2r8)n and n are polyadic products, and ( is the
n-fold contraction of these two products. On substitution of
this expansion into Eq. ~19!, it is found that
Sps52 (
n51
‘ 1
n! n (j51
N K d~r2rj!
( R
]V j(rj ,v j)
dS8 ~rj2r8!n f h~r8!L .
For homogeneous systems, only the leading order gradient
term ~the term for which n51! survives, and hence,
Sps5(j51
N K d~r2rj! R
]V j(rj ,v j)
dS8 ~r82rj! f h~r8!L .
Since a divergenceless contribution to the stress tensor is of
no significance, since the suspension flow velocity is deter-
mined solely through the divergence of the stress tensor, this
result immediately leads to Eq. ~21! for Sps for a homoge-
neous system.
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